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Abstract. An initial value problem for a very general linear equation of KdV-type is considered. 
Assuming non-degeneracy of the third derivative coefficient this problem is shown to be well- 
posed under a certain simple condition, which is an adaptation of Mizohata-type condition from 
the Schrodinger equation to the context of KdV. When this condition is violated ill-posedness 
is shown by an explicit construction. These results justify formal heuristics associated with 
dispersive problems and have applications to non-linear problems of KdV-type. 



where a.; are real- valued functions. 

This is the most general linear form of the KdV, one of the most studied dispersive equations, and 
used as an important model in understanding behavior of linear and non-linear waves. Such an 
equation with non-constant dispersive coefficient 03 describes nonisotropic dispersion and its study 
is of use for the quasi- linear analogues of ((TJ). 

Another motivation, for the study of the well-posedness of ^ is understanding the relative 
strength of dispersive and non-dispersive effects present in the equation. In particular, from the 
geometrical optics expansion for the equation, c.f. the classical book of Whitham [T3], the disper- 
sive coefficient 0,3 guides the propagation of the wave packets, while the term a-id^, can lead to the 
growth of the amplitudes of the wave packets of {T]). I 11 light of these heuristics, it is natural to 
expect that well-posedness requires non- degeneracy of CI3, which prevents the collapse of the wave 
packets, namely < e < \a^\ < ^ for some e, and a condition on 0,2 to ensure dispersion domi- 
nates anti-diffusion effects. Craig-Goodman [3] proved well-posedness in the Sobolev spaces H s for 
02 = &i = under the non- degeneracy of coefficient a% and ill-posedness for some degenerate cases 
of (13. In a follow up paper, Craig-Kappeler-Strauss [3] proved well-posedness with non-degenerate 
dispersion and —02 > 0, as well as extensions to the quasi-linear analogues. These results were 

n - + 

extended in [I] to allow for the "anti-diffusion" in a2, as long as (x) 2 |a.2 1 < C, under some addi- 
tional assumptions on other coefficients, and to systems of equations. 

In the current paper, the condition on the diffusion coefficient 02 is extended to a sharp one for 
the well-posedness in H s , where well-posedness means existence of C? Q T -\H S distributional solutions 



1. Introduction 



This paper is concerned with the study of the equation 
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of ([IJ , that are unique and depend continuously on data in the C® T i H s topology. Namely a condi- 
tion on the diffusion coefficient along the flow is obtained, that separates well-posedness from ill— 
posedness (in the sense of violating continuous dependence) of (UJ with non-degenerate dispersion. 
This is qualitatively similar to the necessity of a Mizohato condition |sup,j. ;t | w | =1 J Q Qb(x+suj)-u!ds\ < 
oo for the well-posedness Schrodinger equation d t u + iAu + b(x)\7u = in [TO], see also [5], [OJ, [OJ 
and references therein for more refined results on the variable coefficient Schrodinger equation. The 
well-posedness is proved by the "gauged energy method" and the condition on the gauge captures 
the ai condition. Ill-posedness is proved by an explicit geometrical optics construction in the time 
independent coefficient case that has consequence for general coefficients. 

While preparing this paper for publication, I have learned of a preprint by Ambrose- Wright [2] 
that treats an analogue of (JlJ in the periodic case. Their argument for the well-posedness is also 
based on the " gauged energy method" , however in the case of M the smoothness of the coefficients 
does not imply integrability that is often needed. Additionally, this paper also proves that ([T]) pos- 
sesses a local smoothing effect, which is not present in the periodic case. The ill-posedness result 
in [2] is done by a spectral method, using a change of variables that works in periodic case, but is 
unbounded on the real line. 

The methods used in both positive and negative arguments of this paper can be extended to 
nonlinear problems, which will be a subject of future work. 

The rest of the paper is organized as follows. In the section 2 the main results of the paper are 
stated. Well-posedness is proved in the section 3, and ill-posedness in section 4. 

Some results of this paper were obtained during my Ph.D. studies at the University of Chicago, 
under the supervision of Carlos Kenig. I would like to thank Carlos Kenig and Cristian Rios for 
helpful discussions. 

2. Main results. 

The following functional space notation is used. Let 
B£ = {f(x) G C N (R) : dlf G L°° for all < i < N}, B = n n B N , an d 

//; {/< \\f\\H° = \UV /(OIU» < where (x) = y/T+\xf. 

Finally, when dealing with mixed norm spaces it is convenient to denote 
L^ T ^X X = Xt for the spaces X as above. 

The following assumptions are made for the coefficients of (UJ 

(Al): Dispersive coefficient 03 (t, x) is non-degenerate. That is, there are constants A > A > 0, 
such that 

A < \a 3 (t,x)\ < A 

uniformly for (x, t) G Rx[0,T]. 
(A2): Regularity of the coefficients. For all N > 0. 

• a 3 G C° T ^Bx +3 n Cp ^Bl- 

• a 2 G Cf T] B^ + 2 n Cj-Q^B®. 
. ax G q 0T] B^ 

• a G CjQ T ]B x . 

(A3): Weak diffusion. $$fady G Cf^L™. 
Note, that by (Al) and (A2), 03 has a constant sign. 



A SHARP CONDITION FOR THE WELL-POSEDNESS OF THE LINEAR KDV-TYPE EQUATION 



3 



For N > define 



c N = IMU- + II— IU- + 2J\ a ^n^ + + II / 



\as(y,t)\ 



dy\\ 



Jo |a3(y,*)| 

For the well-posedness arguments, positive constants will depend on Cn for some N and will not 
be made explicit. 

Theorem 1. Suppose the coefficients of §Q satisfy (Al)-(A3). Then for all s6l, (|T|) is well-posed 
in H s . That is for any (uq, f) G H s x Lh T ^H S there exists a unique u € C'? Q T -^H S satisfying |T]) in 
the sense of distributions. In addition, there exists C = C'(s) 

(2) sup ||u(t)|| H . <Ce CT (\\u \\ H ,+ / \\f(t)\\ H sdt) 

0<t<T Jo 

Moreover, for any S > |, the solution additionally satisfies u G L^ 0T ^H?j~_ 2S ^ and there is a 
C = C(s,6) 

fT 



(3) \\{x)-°dM\L^ T] H i <C(l + y/T)e^(\\u \\ H s + ^ \\f(t)\\H*dt) 

Estimate ([2]) implies continuous dependence for (fTJ), while estimate ([3]) is a manifestation of a 
local smoothing effect of {!]). 

Remark 2. If in addition, / G T j_ff s ~ 3 , then for s > 3^ the unique solution from the Theorem 
Q]is classical by the Sobolev embedding. 

Remark 3. If the coefficients of (JXJ) , in addition, satisfy (Al) - (A3) on [— T, 0], then the trans- 
formation of the equation by £ — > — £ changes the sign of all ai, while again preserving all of the 
assumptions. Therefore, Theorem [1] extends to [— T, 0]. 

Moreover, the transformation 1 -> -1 in Q changes the sign of dj for odd i, but preserves the 
assumptions (Al) - (A3). Without of loss of generality 03 > will be assumed. 

Ill-posedness result complements the Theorem Q] and is proved by a different method. 

Theorem 4. Suppose the coefficients of (fTJ) satisfy (Al), (A2) and 

(A3N): Bup^o/'^g^di^oo 

Then for all T > and s G K (fTJ) is ill-posed in T ^H B forward in time. More precisely, there is 
no continuous function C(t,to) for < to < t < T, such that 

(4) sup \\u(t)\\ H s < C(t,t )\\u(t )\\ H s 

t <t<T 

whenever u solves (flj on [0, T] with f = 0. Equivalently ^ fails on any [0, T]. 
Remark 5. The transformation x — > — x shows that (A3N) is equivalent to 

f° a 2 (y,0) , 
sup / i — r~i^i dy = 00 • 

koJx |a 3 (2/,0)| 

However, the equivalence breaks down if absolute values are removed from 03 in (A3). Thus 03 > 
can be assumed without loss of generality, as long as (A3N) is replaced with 
(A3N'): a 3 > 0. Furthermore, 

f* oa(|/,0) J f° 02(1/, Q) J 

SU P / — ? — ?vT"y = 00 or sup / — - — — dy = 00 

x>oJo a 3(2/, 0) x<oJ x a 3 (y,0) 
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Remark 6. By reversing the time t — > — t as in the Remark 02 Theorem |4] shows that 

x>Oj l«3(2/,0)| 

leads to ill-posedness on [— T, 0]. Thus the condition J Q X \at(y'o)\ ^ L°° is crucial for the well- 
posedness and the condition (^43) for the Theorem [1] is sharp for well-posedness on [—T,T]. 

3. Well-posedness 

The main ingredient in the proof of the Theorem [T] is stated as the following Proposition, which 
is an a priori L 2 estimate for a slightly more general version of (CQ), that comes from commuting 
derivatives. 

fd t u + L A u = f for (t,z) e (0,T] xK r ,,,, 

(5) i , where L A = L + A (t,x,d x ) 
[u[Q, x) = u (x) 

with L from ([T]). The following assumptions are made on Ao € C^^S* , the Pseudo-Differential 
operator of standard symbol class of order (Cf. Chapter VI of [H]): 

(A4): The S° semi-norms of Aq are bounded for t £ [0, T] and their size depends on constants 
C N from (AL)-(A3). 

Proposition 7. Suppose that the coefficients dj o/ ([1} satisfy (A1)-(A3) and Aq satisfies (AA). 
Then there exists a constant C and for any 5 > | t/iere is a constant C , such that for any u £ 
Crg T ]i 2 n Cjg T ]H 3 , the triple (u, Uo, f) with uq and f defined by ([5]) satisfies 

(6) sup \\u(t)\\ L2 < Ce CT {\\u \\ L , + f T \\f(t)\\L-dt) 

0<t<T Jo 

(7) \\(x)- S d x u\\ Ll <C(l + VT)e C ' T (\\u \\ L i+ ( T \\f{t)\\ L ,dt) 

Remark 8. If Aq = 0, then N = in (A2) can be chosen for the Proposition [7J 

The proof of the Proposition [7] is done by a change of variables (gauge) followed by the application 
of the energy estimates. The proof is broken into several preliminary results. 

A gauge is a smooth invertible function, which for the purposes of the argument needs to have 
3 bounded derivatives: 

Definition 9. A function <fi £ C9 Q T ^B X n Ch T ^B° is called a gauge, if 

• <j>{x,t) > with i £ L™ T]xR . 

• \\i\\L~ T]xR + IM| B s + < C(C ,<5) with C N from (Al)-(A3). 
Suppose that (j)(x, t) is a gauge. Define 

v = <p~ 1 u 

Definition [9] implies that v £ C'^ 0T ^L 2 n C? 0T ,H 3 if and only if u € Ch T ^L 2 n Cj° T ji? 3 and 
substitution of v into ([5]) gives: 

\d t v + L^v = 4>~ 1 f 
\v(x,0) = <j)~ l u Q 



(8) 
where 



L = a 3 9| + (oa + ^ _1 3a 3 M) d 2 x + (oi + (T 1 (2a 2 <9*<?!> + 3a 3 <9 2 0)) 9* 
+ (ao + ^ {d t <f> + aAcp + a 2 d 2 x (j) + a 3 d x (f>)) I + (j>~ x A {cf>_) 
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Remark 10. From the definition of the gauge 

\\u\\ L 2 « \\v\\ L 2 and \\( X y 5 d x u\\ L 2 rj ^2\\(x)~ S d l x v\\ L 



[0,T]xx Z-^l"^ 1 ■* ""[0,T]> 

i=0 



with comparability constants dependent only on the constant in the Definition [9] Therefore, to 
prove Proposition [7] it suffices to prove ^ and ([7]) for v satisfying ([5]). 

The energy method involves multiplying ([SJ by v to estimate 9 t |M|^ 2 by ||u||^ 2 : 
9* J\v\ 2 = -2Re(L 4> v,v) + (f, ( f>v) 
The following Lemma summarizes the energy estimates for L or L^: 



Lemma 11. Consider an operator L = a 3 d x + a,2d 2 + a\d x + oq, where 03-00 satisfy (A2). Then 
\o,t] j 



forv£C° T] H 3 



Re(Lv, v) = ( 



-0,2 + 2^ fl 3 



d x v, d x v) + (b v, v) 



for b = a — \{d x ai — d 2 a2 + d^a 3 ), where (it, v) is an L 2 pairing. 

Proof of Lemma \ll\ The computation is immediate by computing the adjoint L* of L using the 
Calculus of PDO. Alternatively, as L is a differential operator, the same computation can be also 
done by a repeated integration by parts. Indeed, the operator d x is skew-adjoint for odd fc, which 
implies that principal parts of odd order terms are eliminated by integration by parts. For example 



(aid x v,v) = -(v,aid x v) - (d x aiv,v) = -(aid x v,v) - (d x a 1 v,v) 
An identical computation shows 

Re(a 3 dlv 7 d x v) = ~^(d x a 3 d x v,d x v) and Re(dla 3 d x v , v) = -]^(dl a 3 v , v) 

Using these identities and more integration by parts establishes 

3 1 

Re(a 3 d x v,v) = -{d x a 3 d x v, d x v) - -(d x a 3 v, v) 

A similar analysis for Re(a 2 d 2 v,v) completes the proof. □ 

Applying Lemma [TT] to L^, shows that the only term of order higher than is 
{\ L 2a2 + 6a3 d^ _ 3d x a 3 ]d x v, d x v^j . Thus, if this term were negative, an a priori estimate would be 
obtained for v. This motivates the choice of a gauge (j> that should satisfy 

2a 2 + </> -1 6a 3 <9 x <?!> - 3d x a 3 < 

A choice of equality in this equation can be made and this choice is enough for the estimate ([6]), 
but by exploiting the inequality the local smoothing estimate (J7|) is proved. The exact choice of a 
gauge is summarized in the following Lemma 



Lemma 12. For S > h, let <fi(x,t) be a solution of the ODE 

{6ad x <j) = ^3d x a — cg{x) 25 — 2i 
4>(t,o) = i 



where c$ = or 1. Then <j) is a gauge in the sense of the Definition and is independent of 5 if 
c s = 0. 
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Proof. The ODE for <f> is solved explicitly as 



t ) = J ^El^e" So ^* e - So ea3 £% y) * 



By (A3) e _J "° » 1. (Al) implies ^/£jf§ « 1. 

Finally, as (5 > |, 

_ rf "iiy (1 if 05 = 

if ca = 1 

A computation for 9(0 and d x 4> for j = 1,2 and 3 and using (Al)— (A3) finishes the proof. □ 
Proof of Proposition [?| By the Remark [10] it suffices to prove the Proposition for v satisfying (JSJ . 

Applying the Lemma [TT] for implies that 



d t l\v\'dx={ 
-2Re(A (<f>v),<l)v) + (f, <fw) 



6a 3 d x <j) 
2a 2 H 3o x a 3 



d x v,d x v) + (b v,v) 



where 60 is obtained from the Lemma [TT1 applied to L$. With tj> chosen from the Lemma IT21 this 
implies 

d t J \v\ 2 dx < -c 6 ((x)- 2S v, v) + (b v, v) - 2i?e(A (H, <t>v) + (/, <H 

By (A4), A : L 2 -> L 2 is bounded. Moreover, by the Definition [5] and (A2), € L°° and 6 <E 
Hence 

ft | M 2 <c([ \v\ 2 dx + NMI/IM - \\(x)- s d x v\\h 

For c$ — an application of Grownwall Lemma implies (|6|) for u. 

Whereas moving d x v term to the left hand side for eg = 1 and integrating in time gives 
\\{x)- 5 d x vfdt <C (J \v\ 2 dx + \\v\\ L 2\\ f\\ L 2)dt + \\v0Wi2 - \\v\\ 2 L2 

<(C(1+T)-1) sup \\v(t)\\ 2 L2 + \\v \\l 2 + ([ T \\f(t)\\ L2 dt) 2 

0<t<T Jo 

Using ([6]) completes the proof of (O . □ 
Proposition [7] can be strengthened to an H s estimate. 

Proposition 13. Let L be as in ([1]), whose coefficients cii satisfy (Al)-(A3). Then for any set 
there exist constants C(s) and C(s, S) for any 6 > |, such that for any u £ Ch T iH s n C? Q T -,H S+3 
the following estimates hold 

(9) sup \\u(t)\\ H s <Ce CT (\\u(0)\\ H s+ f \\d t u + Lu\\ H sdt) 

0<t<T Jo 

sup \\u(t)\\ H£ <Ce CT (|| U (T)|| ff , + / \\-d t u + L*u\\ H sdt) 

0<t<T Jo 
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where L* is the adjoint of L. Moreover 

\\(x)- S d x u\\ L i oT]Hl <C(l + VT)e dT (\\u a \\ H s+ £\\f(t)\\ H sdt) 

Corollary 14. By the Theorem 23.1.2 on page 387 in [8], the proof of the Theorem^ reduces to 
the Provortion \13\ . 

The Proposition IT51 is reduced to the Proposition [7J Observe, that 

f = d t u + Lu if and only if J s f = d t J s u + LJ s u + [J s L\J~ s J s u 

where J s is a Pseudo Differential Operator with symbol (£) s . Therefore to prove © it suffices to 
show that the Proposition [7J applies to the operator L = L + [J S L] J~ s . 

Lemma 15. Let L = L + [J S L] J~ s with L from (JTJ) that satisfies (Al) and (A2). Then 

2 

L = a 3 d 3 x + a + J2( a i + + M** x ' d *) 

(10) i=i 

s(s — 1) 

with a.2 — sd x a 3 and a\ — sd x a 2 H d x a 3 

where A s £ S° , whose semi-norms depend on the coefficient bounds (A2) for N — N(s) and hence 
satisfies (A4). 

Furthermore, the coefficients Sj for i = 1, 2 satisfy (A2)-(j43). 

Proof. From the first term in the Calculus of PDO [J S L] J~ s e S 2 . A further expansion of [J s , a 3 d x ] 
gives: 

a([J s ,a 3 d 3 x }) = ^tW'OxMX)*) mod ^ 

L — ' a! 

1<M<2 

= sd x a 3 (i0 2 (0 S + S -^Y^-d 2 x a^(0 S mod S s 

where the substitution £ 2 = (£) 2 — 1 was used and the terms of order s were absorbed into the 
remainder. Performing a similar computation for the remaining terms in [J S L] and composition 
with J~ s verifies (fTUl) . 

It is immediate from (fTU|) that a, satisfies (A2). To verify (A3) observe that 

f x a2(y,t) j . , ga(M) g roo 

/ ] — r~^i d y = s sign(a 3 log — -— e C, T] L X 
Jq \aa{y,t)\ a 3 (0,t) l "' 1 

by (Al) and (A2). □ 
Remark 16. A simple computation shows that the adjoint L* of the operator L from ([TJ is 
L* = - a 3 d 3 + (a 2 - 3d x a 3 )d 2 x + (oi + 29 x a 2 - Zdla 3 )d x 
+ (oo - 9 x a x + dla 2 - &la 3 ) 
whereas a substitution t — > T — t transforms ([1]) to 

-d t u(T -t) + Lu(T -t) = f(T - t) 
u(T-t) \ t=Q =u(T) 

Both L* and L(T - t) satisfy (A1)-(A3). 

Corollary 17. Lemma [731 i?emarfc l_?g| anrf i/ie Proposition [?] imply the Provosition \13\ . 
This completes the proof of Theorem [1] by the Corollary [14] 
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4. Ill-posedness 

Ill-posedness is proved by justifying the formal geometrical optics argument for a special choice of 
initial data. The case of time independent dispersive coefficient is commonly studied in the literature 
(Cf. [5 and [6| for the variable dispersion Schrodinger equation). The same simplification is done 
in this work and the construction is flexible enough to be useful in the generality of (JT]). Thus ([T]) 
is replaced by 



(11) 



d t u + L a u = f for (t, x) e (0, T] x 
u(0, x) = uq(x) 



for L = J2i=2 a i( x 'Q)dx +Et=o "•(M)^ with coefficient ai from L. The coefficients a\ and ao 
are insignificant for the argument and no change is done for them. To simplify notation, denote 
di(x) = a,i(x,0) for i = 2 and 3. 

The geometrical optics argument involves making an ansatz for the solution of (JlJ of the form 
u = e w or and converting them into a system of simpler equations. Indeed, a substitution 
of such ansatz into (fTTj) gives 

/ = e lS {id t S - ia 3 d x S 3 ) + e lS {d t w - 3a 3 d x S 2 d x w ~ [3a 3 d x Sd*S + a 2 d x S 2 ]w) 
+ e zS {a 3 {id 3 x S ■ w + ?>id 2 x Sd x w + 3id x Sd 2 x w + d 3 x w) + a 2 {id 2 x S ■ w + 2id x Sd x w)} 
+ e {a,2d 2 .w + a\(id x S ■ w + d x w) + aou>} 

Formally assuming that d x S « £ and w « 1 for ^ ^ 1, leads to an eikonal equation for S to 
eliminate £ 3 terms, a transport equation for w to eliminate £ 2 terms and the remaining terms left 
in /. More precisely, an ansatz of the form u = e iS w solves for appropriate uq and / provided 



(12) 
(13) 
(14) 



(d t S-a 3 (x)(d x S) 3 = 

(d t w - 3a 3 (x)(d x S) 2 d x w - [3a 3 (x)d x SdlS + a 2 (x)(d x S) 2 ]w = 
\w(£ : 0,x) = w (x) 

f = e tS a 3 [id%S ■ w + 3idlSd x w + iid x Sd 2 x w + d 3 x w\ 

+e iS [a 2 {idlS ■ w + 2id x Sd x w + d^w) + a x {id x S ■ w + d x w) + a w] 



The first two equations are solved by the method of characteristics, Cf. [7], and the third is com- 
pletely determined by S and w. However, the method of characteristics, in general, gives only local 
solutions, and it was important to make a choice for S'(^, 0, x) in (fT2")) to ensure S has a solution on 

[0,oo) x R. 

When dispersion coefficient is constant, which after rescaling is equivalent to a 3 (x, t) = 1, (|12[) 
is solved with a simple use of the dispersive relation by setting S = £ 3 t + ^x. Using an analogue of 
(A3N) in this case, ill-posedness was proved in [T], by analogy with the Schrodinger equation as pre- 



sented in lecture notes by Carlos Kenig on |"The Cauchy Problem for the Quasi-linear Schrodinger Equation^ 
This analysis is expanded below to account for non-constant dispersion. 

The main ingredient in the proof of the Theorem [4] is the following Theorem, whose proof is 
based on the geometrical optics ansatz above. 

Theorem 18. Suppose the coefficients of (|11[) satisfy {Al), (A2) and (A3N) as given in the 
Theorem [^J 
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Nni r< N + 3 i 



Let n € N. Then there exists a T n > and u = u n 
T, 



IK^C, tj,z)|| L 2 > 2n and 0, x)|| L 2 = 1 



sup ||[cW + Lo«n](^)*»a!)|Ua < C„£ 
U 5 ) 0<t<% 

sup ||u„(£,i,x)|| ff , < C„^ /or % = 0, ...,3. 

0<t<% 

Moreover, adding a Pseudo- differential operator Ao € S , that satisfies (A4), to Lq does not change 
the conclusion above. 

Theorem [TB] is proved after a number of preparatory Lemmas in the subsection. After that the 
Theorem Q] is proved in the section 14.21 

4.1. Analysis of |[T2" ]) -([T1 ]) . Note, that the choice of S(£, 0, x) = £ J* (y)dy is well-defined by 
(Al), but will not be bounded as x — > oo. This choice makes dtS(x,0,£) = £ 3 constant for all x 
from the equation (T2JI. If S(x,t) solves ([II]), then E{t) = d x S(x(t),t), u(t) = d t S(x(t),t) and x(t) 
satisfy 

H{uj, x,E)=us- a 3 (x)E 3 = 
To achieve ^M. = a following system of "characteristic" ODEs is selected, which is later used to 



construct S: 



^-^ -3a 3 (x)~* \% = -%=d x a a {x)~? 



(16) 



It ~ as - J dt 

x(0) = x o \S(0) = £o = ^ i (x ) 

dui dH ri 

dt ~ dt ~ U 

w(o) = a3 ^oKo 3 = e 3 



The last two equations in (fTB")) are easy to solve explicitly: w(f) = £ 3 and H(i) = £a 3 3 (x(t)). This 
simplifies the system above to a single ODE, where an index £ is added to x(t) = x^(t) to emphasize 
the £ dependence 

(17) = -3^4^) 

|x 5 (0)=x o 

i i 

£ 7^ for the construction, so xq is unambiguous. As the bounds on a^(x) and d x [a^(x)] are 
uniform in x by (Al) and (A2), Picard iteration gives a unique global solution for each Xo, Cf. 
Chapter 1 of [T2]. 

Remark 19. Observe, that re-scaling time t — >• ^ for £ 7^ implies by uniqueness of solutions to 
CEZj), that 

t 

where X\(t) satisfies (flTf for £ = 1. Using this rescaling, the index £ ^ can be suppressed to 
x(i) = xi(t) 

The properties of this ODE are summarized as follows, where as in the Remark [5l a 3 > is 
assumed. 

Lemma 20. There exists a global in time flow xq — ¥ x(t) that depends smoothly on data with 



(18) dx ^ = J ggCgW) 
dx V a 3 (x ) 
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As (|17| is autonomous in time, for each (x,T) there exists a unique xq, such that x(t) satisfies 
(IT71) and x\(T) = x. 

Moreover, the flow is geodesic on M., that is for every xq, x there exists a unique T , such that x(t) 
satisfies (| 1 T[) for all t and x(T) = x and 

(19) x(T) -x ~-T 

with proportionality constants dependent on the (Al) bounds. 

Proof. The global existence follows from Picard iteration as observed before the Remark [19] Re- 
versing the time direction t — > T — t in (JTTJ) shows the unique dependence of xq on (x, T) from the 
equation. 

By the Implicit Function Theorem for a fixed x = x(xo(x,t),t): 
dx dxo(x,t) | dx 



8xq dt dt 

which gives (fT8|) using (p~7|) . 

Finally, integrating ()17[) in time, using (^41) and continuity of x\(t) proves the geodesic property. 

□ 

Remark 21. Using RemarkQlll Lemmal20l holds for the unrescaled flow x^(t) = xi(^ 2 t) with obvious 
changes. That is given (£, x, t) there is a unique Xo, such that the solution of p7|) satisfies x^ (t) = x, 
(fT8| holds and the flow map in ([T7]) is geodesic with ([T9j) replaced by x^(T, xq) — x — T£ 2 . 



This leads to the following construction, which reconstructs S from the characteristic equations 



as in 



Lemma 22. Define S(£,,x,t) — £(£, xq,0) + f*S(s)-^-(s) + uj(s)ds, where xq is defined 
the Remark \21\ and x^(s), S(s) and w(s) solve (1161) . Then S is well-defined onlxR, satisfies 
!§0M) = £(£), §f (M) = ^ and solves (HU) for all (x,t). 

Proof. Using (fl6|) and the choice of data «!?(£, x, 0), x, i) can be simplified to 

S{Z,x,t)=Z f ° a-^{y)dy~2et 
Jo 

Differentiating this formula using and ^7 using the Lemma [50] and Remark [5T] completes 
the proof. □ 

Next ([T5]) is analyzed. Let a;(t) = X{(t) and S(i) be as in (JTOJ. With this notation ([T5]) becomes 

'd t w{£,t,x(t)) - 3a 3 {x(t))E 2 (t)d x w(t,x(t)) 
= [3a 3 (a;(t))H(t)dxS(i) + a 2 (a;(t))S 2 (t)] W (t, a;(i)) 
k iu(£, 0,x ) = w (x ) 

which is an ODE in t as — — 3a3(x(t))E 2 (t). Solving this ODE for w(t,x(t)) gives 



(20) w(£,t,x) = ? / e 3 ^ ^y) u w (x ) 

V 03(^0) 



where the identity d x ^(i) — derived from S(t) = £a 3 3 (a;(i)), was used and where xq 

is defined as in the Remark I2T1 
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Lemma 23. Assume (Al), (A2) and (A3N'). Let n G N. Then there exists a T n > and Wq(x) e 
Cq°(M) with \\wq(x)\\ ip. — 1, such that the solution w n from (1201) corresponding to Wq satisfies 

T 

\\w n (£, , x) || £2 > 2n and sup \\w n {£, t, x)\\ H i < C n (i), i G N 
S o<t<|f 

Proof. Rescaling time as in the Remark [2~T1 it suffices to consider the case of £ = 1. By (A3N') 
there exists x\ < Xq, such that 



03(2:0) 



e 3 "1 a3iy) > in 



By the Lemma [501 there exists a T„ > such that £1 (i) satishes (jTTJ) with Xq for data and 
xi(T n ) = x\. Furthermore, by Lemma [201 and (^42) there exists an interval centered at Xq, such 
that for xq G I n 



(2D J^e^Z 

V 03(2:0) 



T n ,* ) a 3 (y) a y > 2 n 



This condition mirrors the condition for <f> from Lemma 1 1 2 1 failing to be a gauge. 
Let Wq G C^{I n ) with (cc) Hz- 2 — 1- In particular, there exists a C„(s), such that 
C n (s) for s > 0. 
Dchnc 

/* = {a:(i) : x(t) satishes (|T7|) for x G /„} 

Then from (f20|) and Lemma [20l wfl. t_) is compactly supported in L l n for alH > and in particular, 
([21]) is satished for x G suppw(l,i,_). Therefore, 



Change of variables from a; to xo using ([TBI) to get 

(22) |K(l,T n ,x)||| 2 = / ^- e ^») W d > (x )| 2 dx > 4n 2 || Wo ||l 
31 .//„ 03(2:0) 



Where the last line follows by (|21l) . 

Thus it suffices to estimate ||w„(l, t, x)\\jj3 for < t < T to finish the proof. By (|19p. (Al) and 
(A2) / *° t . |^jdy < Ci. Exploiting this fact in the equality part of flU) for some < t < T n 
instead of T n implies that 

2 



||«Jn(l,t,a:)||i ; < C e ct \w (x )\ 2 dx < C{t) 

d l x w n is estimated similarly after differentiation of (|20|) in x using (|18[) to handle derivatives of 
terms with xo . □ 

Proof of Theorem\M By equations ([T ^ -<[T1 ]| u n (£, _) = e lS («<-)w„(£, _) is a solution of ([II]). S 1 is 
real, so by Lemma [23] 

7 1 J 7 

-£2, X )\\lI = l|Wn(£, ^,2:)|| L 2 > 2n 

and ||u n (£, 0)|| £,2 = 1. Therefore to finish the proof it suffices to show 

sup ||/(£,i,x)|| L 2 < C„£ and sup ||u n (£,t,a;)||m < C n (i)£ l , i G N 
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for / from (fT4|) . From Cauchy-Schwarz 

\\ffot,x)\\ Ll < C\\d x S(Z,t,x)\\ W 2,oo\\w n \\ H 3 

_ 1 

By the Lemma l22l d x S(£,t,x) = £a 3 3 (x) and hence \\d x S(^,t,x)\\ w 2,a a < C£. Meanwhile, by 

Lemma [23] sup 0<t< r„ ||u>„|jff; < C n (i). Note, that adding a Pseudo-Differential operator A e S° 

— — ~W 

replaces the coefficient oq in (fT4"]) by ^4o and the analysis above applies. 

Similarly, differentiate u = e lS w and use the estimates of S and w to obtain 

sup \\u n (U,x)\\ H ><C\\d x S(U,xW w ^ sup |K|| ff « < C n (i)C □ 

0<i<% x 0<t<2* 

4.2. Proof of illposedness. 

Lemma 24. Suppose (Al), (A2) and (A3N) hold. Let s <E K and n € N. T/ien i/iere exisi a 
sequence T' n — > 0, and a sequence of functions v^, such that 

(23) sup ||<(i)||ir. > n(K(0)||jj. + C" \\d t v* n + Lv s n \\ H ,dt) 

0<t<T^ JO 

Corollary 25. Lemma \2J\ implies that ([2J /aife or, more generally, for any T > t/iere is no 
non- decreasing function C(T') on [0, T], suc/i i/iai 

(24) sup |Kt)|| ff . < C(T')(\\u \\ H s + f \\f(t)\\ H ,dt) 

0<t<T' Jo 

holds for all u € C® r i 7? s solving |T]) . 

Proof. Assuming ([24]) . for the sake of contradiction, and using ([23]) . implies that C(0) > C(T n ) > n 
for all neN, which is impossible. □ 

Proof of Lemma\24\ Consider, first the case of s = 0. The solution of u n from Theorem [T8l 
solves 

\d t u n + Lu n = f n + g„ 
\u n (0) = e iS w%(x) 

where f n := dtu n + Loii n and g n = [L— Lo)u n , where L and L§ are from |T]) and (jlip . respectively. 
From (fTTj) and the Fundamental Theorem of Calculus 

3 3 „i 

(Xq — L)u n (t) = y~^(aj(a;, t) — aj(a:, 0))9*u(t) = / d t ai(x 1 st) ■ dsd l x u(t) 
i-2 i-2 Jo 

and hence by (A2) and the Theorem [IS] for < < < fracT^ 2 

\\9n{t)\\L^ < Ct\\u n (t)\\ H 3 < C n tf 
Combining this estimate with ||/„|| from (|15[) and integrating in time gives 

* \\fn+9n\\dt<C n (^ + ^) 
By the Theorem[T5] ||u n (^, ?f )||l2 > 2n. Let £ = £ be large enough, so that T' n := -ft < — and 



/o T "ll^ n + 9n\\dt < 1. Define w°(x,t) = u n (£o>£)*) proves ([23]) for s = 0. 



For the general set, commute J s with L as in Lemma [TBI J s (<9t + L) = (c\ + L)J S , where 
L = L+ [J S L]J- S . Lemma [15] implies that (Al), (A2) and (A3N) are valid for L. Define < = 
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J s Un(£oj x, t) where u n is a function from Theorem |4] with L replaced by L. This reduces the proof 
of for arbitrary s to s = as (i)||ir« = ||«n(£o, OIIl 2 and ll/llff s = II (<% + *)IIl 2 - 1=1 

Corollary 26. Assuming (A3N) as above implies, that (JTJ is ill-posed in H s the sense of Theorem 


Proof. Suppose, for the sake of contradiction, that (jJJ) holds for some [0, T] and some continuous 
function C(to,t) for < to < t < T. Dehne a non-decreasing function C(T') = sup 0<t <t<T , C(to, t). 
Then by the Duhamel principle every solution of ([1]) satisfies 

u(t)=S(t,0)u o + f S(t,t )f(t Q )dt Q 
Jo 

where u(t) — S(t,to)g solves (JTJ on [to,? 1 ] with data u(to) — g and / = 0. Moreover, 
sup \\S(t,t )\\<C(T') 

0<t o <t<T' 

Thus the Duhamel principle implies (f24| for all u £ C® T j H s solutions of ((T|) , which contradicts 
the Corollary [25] □ 
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